Introduction {#Sec1}
============

Non-monotonic operators play an important role in different applications \[[@CR7], [@CR9], [@CR29], [@CR31], [@CR38]\]. The need to use these operators in real applications has promoted the study and development of novel operators capable of addressing new challenges \[[@CR3], [@CR4], [@CR8], [@CR14], [@CR18], [@CR38], [@CR39]\]. Weak negations were introduced in \[[@CR23], [@CR24], [@CR26], [@CR43]\] and they are one of the most versatile negation operators. For that reason, a generalization of weak negations was given in \[[@CR14]\]. Specifically, it was proven that weak negations can be defined from the implications of adjoint triples.

Adjoint triples were introduced in \[[@CR11]--[@CR13]\] as a flexible tool to generalize the operators usually considered in residuated frameworks. One of the main advantages provided by these operators is the capability of being applied in non-associative or commutative settings. This fact has given rise to make more flexible frameworks such as logic programming \[[@CR9], [@CR34]--[@CR36]\], formal concept analysis \[[@CR15], [@CR33]\], rough set theory \[[@CR17]\], fuzzy relation equations \[[@CR10], [@CR20], [@CR21]\] and fuzzy mathematical morphology \[[@CR1], [@CR2], [@CR30]\].

In this paper, we will continue studying the relationship between weak negations and adjoint negations. Given a weak negation on the unit interval, we will show that different adjoint triples can be defined on the unit interval satisfying that its corresponding adjoint negations coincide with the weak negation. In addition, we will establish two different procedures to define these adjoint triples. We will also define an ordering relation on adjoint triples generating a given weak negation and we will prove that the set composed of these adjoint triples has the structure of a complete join-semilattice with maximum element.

The paper is organized as follows: Sect. [2](#Sec2){ref-type="sec"} recalls the basic definitions and properties associated with adjoint triples, adjoint negations and weak negations. Given a weak negation, in Sect. [3](#Sec3){ref-type="sec"}, we propose two different mechanisms to define adjoint triples on \[0, 1\] whose adjoint negations are equal to the considered weak negation. Furthermore, we analyze the algebraic structure formed by these adjoint triples. The contribution is accompanied by examples in order to illustrate some of the developed technical results. Some conclusions and prospects for future work are presented in Sect. [4](#Sec7){ref-type="sec"}.

Preliminaries {#Sec2}
=============

Adjoint triples provide an interesting generalization of the well-known adjoint property satisfied by a t-norm and its residuated implication, since they preserve the main properties usually assumed in residuated frameworks, dismissing for example the commutativity and the associativity \[[@CR19]\].
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Proposition 1 {#FPar2}
-------------
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Proposition 2 {#FPar3}
-------------
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A detailed study of adjoint triples can be found in \[[@CR11], [@CR13]\]. These operators were also considered to generalize residuated negations \[[@CR6], [@CR25], [@CR40]\]. Specifically in \[[@CR14]\], adjoint negations were defined from the implications of an adjoint triple. The formal definition of adjoint negations is given below.

Definition 2 {#FPar4}
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Now, we will show the notion of weak negation which is one of the most general negation operators given in the literature \[[@CR23], [@CR24], [@CR26], [@CR43]\].

Definition 3 {#FPar5}
------------
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Once the notion of weak negation has been introduced, we can recall the relationship between adjoint negations and weak negations. The following result, which was proven in \[[@CR14]\], shows that adjoint negations are more general than weak negations.
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Notice that, the previous theorem shows that weak negations can be obtained from the implication operators of an adjoint triple. However, we cannot guarantee the unicity of the adjoint triple which allows us to ensure that each weak negation is actually an adjoint negation. This fact and the notions introduced in the current section will be illustrated in the following example.

Example 1 {#FPar7}
---------
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                \begin{document}$$x\in [0,1]$$\end{document}$, and it is commonly known in the literature as the standard negation.

It is easy to see that the product negation is a weak negation whereas the standard negation is a strong negation. Obviously, we can ensure that the Gödel and product adjoint triples and verify Theorem [1](#FPar6){ref-type="sec"}, for the weak negation $\documentclass[12pt]{minimal}
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Next section studies how to define adjoint triples such that their adjoint negations are equal to a given weak negation. Furthermore, the algebraic structure formed by these adjoint triples is analyzed.

Adjoint Triples Generating a Weak Negation {#Sec3}
==========================================

This section presents two different procedures to define adjoint triples whose adjoint negations coincide with a given weak negation. Besides, an ordering relation is defined on the whole set of adjoint triples generating a given weak negation. From this ordering relation, the algebraic structure composed of the aforementioned set of adjoint triples is obtained.

Adjoint Triples Associated with Weak Negations from Adjoint Triples {#Sec4}
-------------------------------------------------------------------

The first procedure to define adjoint triples generating a given weak negation *n* is presented in the following proposition. This procedure is based on the use of an adjoint triple with respect to $\documentclass[12pt]{minimal}
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### Theorem 2 {#FPar8}
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                \begin{document}$$n=n_{s_n}=n_{n_n}$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_{s_{n}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_{n_{n}}$$\end{document}$ are the adjoint negations defined from the implications and , respectively.

Notice that, the previous result follows the idea presented in \[[@CR5]\] for the construction of left continuous t-norms from a given weak negation. Specifically, Theorem [2](#FPar8){ref-type="sec"} extends Lemma 1 introduced in \[[@CR5]\] to the framework of adjoint triples.

### Example 2 {#FPar9}
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Adjoint Triples Associated with Weak Negations from Sup-Homomorphisms {#Sec5}
---------------------------------------------------------------------

The following result establishes the second procedure to define adjoint triples generating a given weak negation. This second mechanism weakens the required conditions in the first procedure and considers more general operators than adjoint triples. In particular, the proposed mechanism is based on the use of mappings preserving the supremum of non-empty sets, which are called supremum-homomorphisms on lattice theory.

### Theorem 3 {#FPar10}
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As a consequence of this result, general operators can be considered to define adjoint triples in $\documentclass[12pt]{minimal}
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### Example 3 {#FPar11}
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The following theorem includes a point-wise ordering relation defined on the conjunctors of adjoint triples generating a given weak negation. This ordering relation provides the set of adjoint triples, whose adjoint negations coincide with such a weak negation, with the structure of a complete join-semilattice.
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If there exist two different adjoint triples such that and , then we will say that these adjoint triples are incomparable. In this case, we will write that .
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Conclusions and Future Work {#Sec7}
===========================

We have extended the studied carried out in \[[@CR14]\], providing different procedures to determine adjoint triples on the unit interval, whose adjoint negations are actually a previously fixed weak negation. We have also defined an ordering on which the set of these adjoint triples forms a complete join-semilattice. In addition, we have characterized the maximum element of the mentioned complete join-semilattice. In order to clarify the developed theory in this paper, we have included some illustrative examples.

As a future work, we will apply the developed theoretical results to different frameworks such as formal concept analysis, fuzzy relation equations and rough set theory. For example, these results will be fundamental for studying families of adjoint triples for defining preferences on objects or/and attributes in relational datasets \[[@CR16], [@CR28], [@CR37]\]. This fact will allow us to address real problems related to image processing and digital forensic analysis.
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